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^ | ' Recently N. Jing discovered in [J] the following combinatorial identity: 
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In his paper the identity comes from validity of the Serre relations in some vertex representations of 



quantum Kac-Moody algebras. 



In this note we are going to generalize this identity, see Theorems 1.1, 4.1. The obtained identities 
are equivalent to existence of a singular vector in certain tensor products of evaluation representations 
of the quantum loop algebra U q (Ql 2 ) , see Proposition 3.1, or more generally, of the elliptic quantum 
group E pn (sl 2 ) ■ 

There are two directions for generalizing the identity (I). First one can replace linear functions of t\, 
. . . ,tt by polynomials of larger degree. This is done in Section 1, see (1.3). 

Furthermore, it is possible to take elliptic theta-functions instead of polynomials, see Section 4. 
The resulting identities depend on two extra parameters: the elliptic modulus p and the dynamical 
parameter a . In the limit p — > the elliptic functions degenerate into polynomials and we get a family 
of polynomial identities depending on a and turning into the identities (1.3) if either a — * or a — > oo . 

The author is grateful to the Max-Planck-Institut fur Mathematik in Bonn, where the basic part of 
the paper had been written, for hospitality. 
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c3 ■ 1. Polynomial identities 

Given nonnegative integers £ and n let Ve, n be a set of partitions A = (Ai, . . . , Xe) such that n 
Ai ^ . . . ^ \i 1 . For a partition A let uik.x = #{j | Aj = fc} . 

Introduce indeterminates t\, . . . ,te , x\, . . . , x n , y\, . . . ,y n , rj . In the paper we use the following 
jj] ■ compact notations: 

a 

t=(t 1 ,...,t t ), x = (xi, . . . ,x n ) , y={y 1 ,...,y n 

For any m — 1 , . . . , n set 

X m (u;x;y) = u (u-yj) (u - x k ) , 

and for any A G Vt t n se ^ 

= n n t 1 "" 



m=l s=l 1 



(1-1) Px(t;x;y;r,) = r x ( V ) ]T ( f[ X K (U a ; x; y) J[ 



aeSf a=l l^a<b^£ 



t(7„ t(j b 
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(1.2) P{(t;x;y; V ) = r A (ry) £ ( f[ X' K (t„ o ; x; y) ]J • 

cr£S £ a=l l^o<K< CTa ^ 

Notice that 

X m (u;x;y) = uX' m (u\y;x) 



and 



^-i)/2-E w m , A ( Wm , A -l)/2 
P\(t;x;y;r]) = rj m=1 h . . .t e P x {t;y;x;r] ). 



Notice also that both P\ and P( are polynomials in all the indeterminates involved. 
Theorem 1.1. Let Xj = r/ e ~ 1 y i for some i<j. Then 



(1.3) ]T c x i ' j) (x;y;r ] )P x (t;x;y;r]) = 

where T^'- 7 = { A = (Ai, . . . , A^) | j > Ai > . . . > A^ ^ i} and 



c w)(* ; »;,) = (-lr-N"^- i)/2 n n (^-« 

i<k<j s=Q 



n ( n (*?' _o f* - x ") n fa /_o w - ^)) • 



X 

a=l i<k<X a X a <m<j 

The theorem is proved in the next section. 

Example. Identity (1.3) for i = 1 , j = n = 2 is equivalent to identity (I). 

Remark. Multiplied by a certain polynomial in x,y,r] the identity (1.3) becomes more transparent and 
understandable, see (2.6). 

Remark. All over the paper we assume integers t and n to be fixed. There are two natural embeddings 
of Ve, n -i into Ve, n given by either AmA or A i— ► A' = (Ai + 1, . . . , \i + 1) . Indicating for a while 
dependence of polynomials defined by (1.1) on n explicitly, that is, writing P n ^ x instead of Pa , we have 

t. 

P n , x (t;x;y;ri) = P n - hX (t;x^;y^;r]) ]J(t a -x n ), 



= P n -i,y(t;xW;yW;r ] )l[(t a -y 1 ), 

o=l 

where x^ = (xi, . . . ,x n -i) , y (n) = (yi, ■ ■ ■ , J/n-i) , = {x2, ■ ■ ■ , x„) , y {1) = (y 2 , ■ ■ ■ , y n ) ■ There- 
fore, the claim of Theorem 1.1 for i = 1 , j = n implies the claim of the theorem for general i < j . 

2. Proof of Theorem 1.1 

In this section we think xi, . . . , x n , yi, . . . ,y n , r\ being complex variables rather than indeterminates 
and consider them as parameters which functions of t\,...,tt can in addition depend on. 

Let /, g be polynomials in t\, . . . , tg . We define below their scalar product (/, g) s . Let 

In I 

s(t u ...,*/) = n n (*» - (*« - vm) n f-rr • 

o=l m=l a,b=l a b 

If \rj\ > 1 and \x m \ < 1 > |j/m| > 1 for all m = 1, . . . ,n, then we set 



{ - f ' g)s ~ {2m)H\ J S(t) [ 1 ' 



where (dt/t) e = Yl dt a /t a and T £ = {i e C £ |fi| = 1 , . . . , \tg\ — 1} each circle oriented counter- 
0=1 

clockwise. Then one can show that (/, g) s is a rational function of x\, . . . ,x n , yi, . . . , y n , r\ . 

The polynomials defined by (1.1) and (1.2) are biorthogonal with respect to the introduced scalar 
product. 

Theorem 2.1. [TV1, Theorem C.9] (P A , P M ) S = iV^ 1 5 Xll where 



(2.1) N, = TT TT V-^m-rf-iym) 

Proof. The proof is based on Lemmas 2.2 and 2.3. The first equality in (2.3) implies that {P x , Pfj,) s = 
unless A ^ fi, while the second equality in (2.3) gives (P x ,Pfj,) s = unless A ^ \i and (P X ,P\) S = 
P\(y< A) P\(y< A) . The rest of the proof is straightforward. □ 

Remark. Notations here and in [TV1] are not always the same though we try to keep them consistent 
whenever possible. The identification of labels should be mentioned: a partition A here corresponds to 
a label I = (wi ; a, ■ • • ,v n ,\) m [TV1], the polynomial P\ being a numerator of the trigonometric weight 
function W[ in [TV1] up to a simple factor. 

For any A G Ve, n introduce points ii>A, y<A e C £ as follows: 

x>\ = (ry x ~ u ' 1 ' x xi, . . . ,x 1 , 77 1_W2 - A x 2 , . . . ,x 2 , ■■■ , i q 1 ^ u "- x x n , . . . , x n ) , 
y<\ = (rf Ul - x ~ 1 y 1 , . . . ,y 1 ,r] 0J2 ' x ~ 1 y 2 , . . . ,y 2 , ■■■ , V^'^Vn, ■ ■ ■ ,y n ) ■ 
For partitions A, fi G P^„ say that A \i if A a ^ fx a for any a — 1, . . . , £ . 

Lemma 2.2. P\(x>fj,) =0 and P x (y<n) = unless A ^ \i . P\(y<[i) = and P' x {xt>n) = unless 
A ^ /i . Besides, only the terms in (1.1), (1.2) corresponding to the identity permutation contribute into 
thevalues P x (x>\), P x {y<\), P x (x>\), P x (y<\). 

The proof is straightforward. 

For a function f{t\, . . . , tg) and a point t* = (t{, . . . , t* e ) define a multiple residue Res (f(t) (dt/t) e ) | 

by 



Res(/(t)(dtA)')L_ t . = Res(... Res(/(ti,...,t/)(dt//t/))| ... (dti/ti))|. 



and set 



(2.2) x>Res(f) = ]T Res ■■■,*/)(#/*)* 

y<Res(f) = Res (/(ti,..., t/)(dt/t) 



^1 
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Lemma 2.3. [TV1, Lemma C.8] Let polynomials /, <? be such that their product is a symmetric poly- 
nomial in ti,.. . ,te of degree less than 2n in each of the indeterminates and divisible by t\...t n . 
Then 

(2.3) (f,g) s = x>Res(fg/S) = {-if y<Res(fg/S) . 
Let Q\ be a monomial symmetric polynomial: 

<7fc»{ 

Introduce transition coefficients A Xll , A, \i G Vt, n : 

(2.4) P A = ^ A A/1 Q„. 



Then by Theorem 2.1 for any v G Vi. n 

Y A Xfl (P>,Q„) = N^Sx v , 

and inverting this relation we get 

Y NxiP^Q^Ax^ = S„ v . 

A€7><,„ 

Calculating the scalar products by Lemma 2.3 we have 

(2.5) Y M- 1 Q^x>k)P^(x>k)N x 

where M^ 1 = Res (S(t) 1 (dt/t) e )\ . Notice that M K is a rational function in x\,...,x n , r\ and 

a polynomial in yi,...,y n . 

The matrix [Q\(x >«)] B Xe7 , e is invertible, see e.g. (2.7), and we denote by B the inverse matrix, 

which is a rational function of x\, . . . , x n , and, trivially, does not depend on y\,...,y n - Finally, the 
relation (2.5) is transformed to 

Y P' x {x>n)N x A Xli = M K B Kil . 

Proof of Theorem 1.1. Fix i < j . Let = (j, . . . , j) . Assume that yi = rj 1 ~ e Xj . Then M K u) = , 
and taking into account the definition (2.4) of A Xfl we have an identity 



(2.6) Y P'x(x>k U) )NxPx = 0. 

Notice that x\>kS 3 > = (-q 1 ^ X j i . . . } X j ^ . so only the term in (1.2) corresponding to the identity per- 
mutation contribute into the value P{(x > n^) , and P x (x>k^) — unless A G Calculating 
P x (x> k^ )Nx explicitly and removing all factors which does not depend on A we get the identity 
(1.3). Theorem 1.1 is proved. □ 

Remark. Let us mention two determinant formulae though they are not actually used in the proof: 



(n+t-i\ ™ (n+t-i\ e-i 

(2.7) det[Qx( X »»)] X4ieVen = v - n(n+i)/2 < n + i ^ n ^ n n 

m=l s=l-i l^j<fe<n 



where D(n,£,s) = V (" + 1 I s ' 2r 3 \ see formula (A. 14) in [TV1], and 

7,r<.l-\s\-\ 

Z- 1 (n+t-s-2\ 

(2-8) det[Ax,] x ^ Pen = J] II WVi ~ ^ ^ 

s=0 l^j<k^n 

see formula (A. 10) in [TV1]. Formula (2.7) is a deformation of a symmetric power of the Vandermondc 
determinant. Formula (2.8) implies that the polynomials P\ , A G Vt, n are linear independent if x, y, r] 
are generic, and there are linear relations between them if Xk — r\ s yj for some j < k and s G {0, . . . , 
t — 1} . For s = i — 1 there is just one linear relation given by (2.6). Relations for s < £ — 1 can be 
obtained in a similar manner. They also can be derived from the relation (2.6) written for polynomials 
in less number of indctcrminates. 
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3. Tensor products of evaluation modules over U q (gl 2 ) 

Let q be a nonzero complex number which is not a root of unity. Consider the quantum group U q (sl 2 ) 
with generators E, F, q H and relations 

q H E = qEq H , q H F = q-'Fq" , [E,F] = Q — ^ , 

q-q- 1 

and the quantum loop algebra U q (Q\ 2 ) with generators L^°\ 4 °\ 1 < j ^ i ^ 2 , and i, j = 

1,2, s = ±1, ±2, . . . , subject to relations (3.1). 

Let eij , i,j = 1,2 , be the 2x2 matrix with the only nonzero entry 1 at the intersection of the i-th 
row and j-th column. Set 

R(u) = (uq - q~ x ) (en ® en + e 22 ® e 2 2) + 

+ (u - l)(en ® e 22 + e 22 ® en) + u(g - g _1 )ei 2 ® e 2 i + (g - ? _1 )e 2 i ® e i2 . 

Introduce the generating series Lfj(u) = + L[f s ^u ±s . The relations in U q (gl 2 ) have the form: 

(3.1) - L^W^M^), i/ = ±, 

i?(u/z)L( 1) (u)L (2) (z) = j L ( ^ 2) (z)L+ ) (m) j R(u/z) , 

4 +0) 4- 0) = i, 4- 0) 4 +0) = i, < = i,2, 

where Z^ 1} (u) = £ e y (g) 1 ® L£ (it) and L v {2) (u) = £ 1 ® e y - (gi L£ (u) . 
The quantum loop algebra £Aj(gl 2 ) is a Hopf algebra with a coproduct 

There is a one-parametric family of automorphisms p z : Lfj(u) i— > Lfj(u/z) and the evaluation homo- 
morphism e : t/ g ({jt 2 ) — > f7 g (sl 2 ) : 

(uq H -q- H uF(q-q- 1 )\ 

where i? + = , ?9_ = — 1 . For any [7 9 (s[ 2 )-modulc V denote by V(z) the L/ 9 (g[ 2 )-module obtained 
from V via the homomorphism eo p z . The module V(z) is called the evaluation module. In a tensor 
product Vi(zi) ® ... ® V n (z n ) of evaluation modules actions of the series £ + (u) and (—u) n L~(u) 
coincide, so it is enough to look at the action of only one of them. Besides, this implies that the series 
L + {u) acts as a polynomial in u , so it can be evaluated for u being a complex number. 

Let Vi, . . . , V n be U q (s{ 2 ) Verma modules with highest weights q Al , . . . , q An and generating vectors 
v\, . . . ,v n , respectively. Using commutation relations in U q (gl 2 ) it is rather straightforward to obtain 
the following statements. 

Proposition 3.1. Consider U q (gl 2 ) evaluation modules Vi(zi), . . . , V n (z n ) . Let Zi = q 2Ai+2Aj ~ 2i Zj 
for some i < j and £ G Zj>o • Then 

a) The vector vi ® . . . ® v n G V\{z\) ® . . . ® V n (z n ) generates a U q (Ql 2 )-submodule, which is annihi- 
lated by the action of a product L 21 (q 2A j zj) . . . L 21 (q 2A J~ 2i Zj) . 

b) A vector v = L\ 2 {q 2A i z 3 ) . . . Lf 2 (q 2A i~ 2t Zj) v n ® . . . ® v\ G V n (z n ) ® . . . ® Vi(zi) is singular with 
respect to the U q (gl 2 )-action, that is, L 21 (u)v = 0. 
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Corollary 3.2. Let Zi = q 2A i+ 2A i 21 z - fo r some i < j and £ s Z^o . Then for arbitrary t\, . . . ,te 

(3.2) L+(q 2 ^z j )...L+ 1 (q 2 ^- 2e z j )L+ 2 (t 1 )...L+ 2 (t e )v 1 ®...®v n = 
in Vi(zi) ® . . . <g> V n (z n ) and 

(3.3) L+(h) . . . £+(**) L+(g 2A %) . . . L+ 2 (q 2A i- 2e Zj ) v n ®...® Vl =0 
in V n (z n )®...®V 1 (z 1 ). 

Both relations (3.2) and (3.3) are equivalent to the identitiy (2.6) and, hence, the identity (1.3). For 
(3.2) it follows from Proposition 3.3 and formula (2.1), while for (3.3) an analogue of Proposition 3.3 for 
the tensor product V n {z n ) ® . . . ® Vi(zi) is required. 

Remark. It is rather easy to see that Corollary 3.2, Proposition 3.3 and the determinant formula (2.8) 
together imply Proposition 3.1. 

Let parameters q , q Al , . . . , q An , zi,...,z n used in this section be related to the previously used 
parameters rj , x\, . . . , x n , y\, . . . , y n as follows: 

V q j %m — q m Zm 7 Um — q m Zyn • 

Proposition 3.3. [KBI], [TV1, Lemma 4.3], [TV2, Lemma 4.18] 

n 

L+ 2 (t 1 )...L+ 2 {t i )v 1 ®...®v n = {q-q- 1 ) e Y[{-z m )- 1 P\{h, ■ ■ ■ ,t e ) x 

x Y[ q Ai " k ' x ~ Ak ^ x ~^ XWk ' x F Ul ' x v 1 ®...®F u ' n - x v n . 

L+{h) . . . L+(t e ) F UJl ' x vi ®...® F" n ' x v n = 

- Y[{-z m y^-*p> x {tu...M) n n ( )( _ -i 1 >< 

m=1 m=l s =l q q 

4. Elliptic identities 

In this section we extend Theorem 1.1 to the elliptic case, see Theorem 4.1. The obtained identities 
have the same relation to representations of the elliptic quantum group _E p 7 (s[ 2 ) as the identities (1.3) 
have to representations of the quantum loop algebra U q {#l 2 ) . 

oo 

Fix a nonzero complex number p such that \p\ < 1 . Let (u)^ — (u^p)^ = f\ (1 ~P s u) and let 
9{u) = 0(u;p) = (u) 00 (pu^ 1 ) 00 (p) oc be the Jacobi theta-function. 

In addition to ti,...,te, X\, . . . ,x n , yi, . . . , y n and r\ introduce one more variable a called the 
dynamical parameter. 

Remark. The parameter a is related to the dynamical variable in the elliptic quantum group E pn (sl 2 ) . 
For any m = 1, . . . , n set 

Z m (u;x;y;a) = 8(a^u/x m ) JJ °{ U /Vj) \\ 0{u/x k ), 
Z' m (u;x;y;a) = 6(a m u/y m ) ]J 9(u/x 3 ) J| 0(u/y k ), 
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where a m = a ] j Xj/yj , and for any A G Ve, n se ^ 

»w = n n %) 



11 11 Q{rf) 

1—1 S—l ■ ' 



(4.1) S x (t;x;y^a)=p x ( V )^(l[Z Xa (t^x ]r ,ar 1 ^) J] W^TT ) 



£ 

(4.2) - A (i; a; ; 2/ ;r ? ;a)=p A (r ? )^(n^(W;^;y;^- 2 < 1 ) J] W^TTT ) 

Notice that 

Z m (u;x;y;a) = Z' m (u; y; x; a -1 ) 

and 

<(<-l)/2-E Um , A ( Um , A -l)/2 

^x{t;x;y,T];a) = r) ™ =1 ^ x {t;y;x;rj ;a ). 



Theorem 4.1. Let Xj=if x yi for some i<j. Then 

(4.3) £ C A 4j) (x;y;r7;a) ~ A (i;x;y;77;a) = 

where 1 = { A = (A 1; . . . , A £ ) \ j > Xi > . . . > \ e > i } , 



Wfc,A-l 

C^\x;y; V ;a) = {a^/y^W^^ TI TI 



....... s =o O^a^Oiv^-^a^Xk/yk) 



x TT TTT-i TT r- TT v a ~ e y l /yx ) x 



x 

a=l i<k<X a X a <m<j 



TT( TT otf-'vi/xk) TT % <_fl »i/ifr»)) 



afca = a J] »7 2u3 ' Xx ]/V3 and a k = a T\ Xj/yj. 
Example. Identity (4.3) for i = 1 , j = n = 2 takes the form 

,4.4, g^Wn^p^* 

x E ( TT W'-Wv 2 - 2 *-'^./® IT otf-h^etf-ntejp) x 



v TT 



Tl flrt/r / t „.i J - u - 



lsSa<fc^£ 



Here /3 = 77 1 2e ax\/yi . If p — 4 and then cither /3 — > or /3 — > 00 , then (4.4) transforms into (I). 

Proof of Theorem 4.1. The proof of Theorem 4.1 is very similar to the proof of Theorem 1.1. We descripe 
the main steps below. We do not indicate dependence on xi, . . . ,x n , yi,...,y n , f] , a explicitly. 
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Denote by E the space of functions f(t\, . . . ,te) holomorphic outside the coordinate hyperplanes 
t a = , a = 1, . . . , £ , and such that 



f(ti,...,pt a ,...,t e ) = t a " J! (x m y m )f(ti,...,t e ). 

m—1 

Let 

fifa,...,*,) = n fl Wo/x m )e(t a /y m ) fl ~a7rj7T ■ 

a=lm=l a 6=1 *(*°/*6) 

There is an analogue of Lemma 2.3. 

Lemma 4.2. [TV1, Lemma C.ll] For any function / G E we have 

x>Res(f/n) = {-if y<Res(f/n) . 

Define a scalar product (/, g} = x >Res(fg/n) . The functions (4.1) and (4.2) are biorthogonal with 
respect to the introduced scalar product. 

Theorem 4.3. [TV1, Theorem C.9] (S' x , E fl ) n = D^ 1 S Xf , where 



(4-5) D\ = {-If n n 



ii s=0 e ( , )) (') s <A)^ , ' 1 "" m ' ia ™.^™/^) 

anda TO>A = a II il~ 2ux ' 3 x 3 /yj ■ 

Let . . . , t?„ be the following functions in one variable: 

n 

(4.6) m (u) - ^"^(-p^-y-ia- 1 II x m (- M )";p")(p";p")^(p;p)^. 

m—1 

They are linearly independent, since ^- m (eu) — e rn ~ lr d{u) where e = e 27Tl / n . For any A G set 

(4.7) A (i!,...,^) = -i ^ ^ Al (i CTl )... 1 ? An (i a J. 

The functions ©\ , A G , are linearly independent, and the functions are linear combinations of 
the functions 0\ , see Proposition 4.4. 

We proceed further like in Section 2 and under the assumption of Theorem 4.1 : yi — n 1 ~ i xj for some 
i < j , we get an identity 

]T S' x {x»kW)D x ~ x = 0, 

\ev e , n 

and then the identity (4.3). Theorem 4.1 is proved. □ 

Remark. There are elliptic analogues of determinant formulae (2.7) and (2.8), see formulae (B.ll) and 
(B.8) in [TV1]: 



(4.8) det[e,(x»»)] X4ieVen = Kn n{1 - n)/2 < « + i ) I] (-^) (m ~ 1)( » } > 

m—1 



x n e^a-^fn-^) n n e^ Xj /x k f {nM 
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where K = [(pZ [] ( e2ffim/n _J J " , and 

m=l 

(4-9) det[<J A ^ =^ i n n^" 1 *- 1 n Vilxif n ' mM * 

s=l-t m=l l<j<m 

x n ^ m ~ n)( - } n n - 1 } 

m=l s=0 l^j'<fc^n 



where ^ A = ^ ^9, and d(n,m,^,a)= ]T Vl' ^1-1 1 

Remark. Consider a limit p — > in all formulae of this section, which essentially amounts to replacing 
the theta-function 0(u) by the linear function 1 — u . The functions #i , . . . , i? n tend to power functions 
as p — > : 

n 

0i (u) -^1 + t/" 1 a" 1 n (-«)", m (u)-u m_1 > m = 2,...,n. 

m— 1 

The limit p — > of the identities (4.3) and the determinant formulae (4.8) and (4.9) deliver one- 
parametric deformations of the identities (1.3) and the determinant formulae (2.7) and (2.8), which 
can be recovered in the limit either a — > or a — > oo . The limit a — > is straightforward while the 
limit a — ► oo produces formulae (1.3), (2.7), (2.8) up to a certain change of variables. 

Proposition 4.4. For any A G Vi „ tie function E\ , cf. (4.1), is a linear combination of the functions 
G», »eV e , n , cf. (4.7). 

Proof. Let £ be a space of functions /(w) holomorphic for u ^ and such that 

n 

/(pu) = an 1 ^ J] (-«)"/(«)• 

m— 1 

Let £f be a space of symmetric functions f(t\, . . . , tg) which considered as functions of one variable t a 
belong to £ for any a = 1, . . . , I . In particular, £\ = £ . 

It is clear that dim£ = n , say by Fourier series. A basis in £ is given by the functions . . . ,i? n . 
Hence, the functions 0^ , u. g , form a basis in the space £^ . 

Since for any A £ 7\„ the function E\ belongs to the space £g , the proposition follows. □ 
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